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ABSTRACT

This paper introduces the perfectly proper friendly equilibrium, a strict refinement of the proper
friendly equilibrium and of the perfectly proper equilibrium, and proves that every finite non-
cooperative game with friends that satisfies certain conditions has at least one perfectly proper
friendly Equilibrium.
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INTRODUCTION

For a strategy combination to be a plausible solution of a non-cooperative game it must be a Nash
equilibrium (Nash 1951), but more refined concepts must be appeaed to in order to determine a
solution from among the multiplicity of Nash equilibria that generaly exist. Marchi (1991)
suggested a refinement in which the strategy played by each player i at an equilibrium mixed
strategy profile s = (s1 S i) is not only one that maximizes that player's expected payoff (conditional

on the other players sticking to the strategies assigned them by this profile), but is also one that,

among the set of such best responsesto s ., maximizes the payoff of his or her best friend, or first

friendly successor; and in case of there being more than one such strategy, it is one of those that
also maximize the payoff of his or her second best friend, or second friendly successor; and so on.
This solution concept, the friendly equilibrium, admits further refinement as the perfect friendly
equilibrium (Marchi 1991), which also refines Selten's (1975) concept of perfect equilibrium; and
as proper friendly equilibrium (Marchi 1991), which also refines Myerson's (1978) concept of

proper equilibrium.



In this paper we present the perfectly proper friendly equilibrium (PPFE), which refines both the
proper friendly equilibrium and the concept of perfectly proper equilibrium, according to which the
players who lose most by unilateral deviation from an equilibrium should be the least likely

to deviate (Garcia - Jurado 1989).

In section 2 of this paper we establish notation and state relevant concepts and results due to Marchi

(1991). In section 3 we introduce the new solution concept and prove some of its properties.

NOTATION AND BACKGROUND

Let G be a finite n-person non-cooperative game in normal form, G={S,H,,il N ={L...n}}
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where S, is the set of pure strategies of player i and H,:S=( S ® Ais his or her payoff
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function; and let G={S, H.,i1 N} bethe mixed extension of G, where
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and the expected payoff function H, : S = 6 S ® A isdefined by H,(s)=Q H,(s )sls) where
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For each il N we assume given a finite sequence f) =i, f3,...f§ (L£k £n) of friendly

successors of player i. For each s S we define the sets
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Definition 1 Given G and sequences  f{, f3,..., fj as above, a mixed strategy profile s Sisa

friendly equilibriumif 5T Y (s) forall il N.



Theorem 1 (Marchi 1991). Given G and sequences  fg, f3,..., f{j suchthat, for all i, the point-
to-set correspondence Y defined by equations (1) is upper semicontinuous, then there exists a
friendly equilibrium.

The concepts of e -perfect, e -proper, perfect and proper equilibria are made friendly in ways
analogous to that in which the Nash equilibrium is made friendly by Definition 1, as follows.

k

Definition 2. Given G and sequences fg, fj..... fij and e >0 a mixed strategy profile sT S is
an e -perfect friendly equilibrium if it is completely mixed (i.e. if "il Nand s,1 S,s(s,)>0)
and, for all i1 N, satisfiesthe conditions:

"s,s'1'S  Hls/s,)<H(sl/s')p s(s,)£fe,

"s,s'T Ys) Hf(iz)(s/si)< Hf(iz)(s/s ‘)b s(s,)£e,

"s,s'T Y5 Hoy (sls,)< Hoy (s/s')p s(s,)Ee.

and sT S isan e -proper friendly equilibrium if it is completely mixed and, for all i1 N, satisfies
the conditions:
" Si’s IiT Si HI(S/S|)< Hl(S/S Ii)b S(SI)EeS(S Ii)’

"s,s'T Ys) Hf(iz)(s/si)< Hf(iz)(s/s )b s(s,)Ees(s?)

(s/s;)<H_, (s/s')p s(s)Ees(s")

"S;S il Y'ki-l(s) H ) fi)

Definition 3. Given G and sequences  f{, f3,..., fj , a mixed strategy profile sl S isa perfect
(proper) friendly equilibrium if there exist sequences {e,},, , and {s‘},; , such that:

"k N e >0, lime, =0

"kl N s“isan e - perfect (proper) friendly equilibrium.

lims = s
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Remark 1 If for each i k =1, the friendly concepts defined in Definitions 1, 2 and 3 reduce to the
corresponding “friendless’ concepts of Nash equilibrium, e -perfect equilibrium, e - proper

equilibrium, perfect equilibrium and proper equilibrium.



Remark 2. It is clear from Definition 3 that all proper friendly equilibria are also perfect friendly
equilibria, but the converse does not necessarily hold.

Perfectly proper friendly equilibria

Definition 4. Given a finite n-person non-cooperative game in normal form C, sequences
fi), £, f(j and e >0, then sT S san e - perfectly proper friendly equilibrium e - PPFE) if it
is completely mixed and, for all i, jT N satisfies the following conditions:
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If the friendly successors of i are f(, f)...., f(], and thoseof j (), f?,.... f) withm<n,then
we define fy = fJ foralr, r1 {m+1...n}.
Remark 3. For i = j, Definition 4 isthe definition of an e - proper friendly equilibrium.

Remark 4. If k =1for all i, Definition 4 isthe definition of an e - perfectly proper equilibrium.

Definition 5. Given a finite n-person non-cooperative game in normal form C and sequences

fi), fd-- ff} , amixed strategy profile sT S isa perfectly proper friendly equilibrium (PPFE) if
there exist sequences {e,},, ,, and {s'},; , such that:

"k N e >0, lime, =0

"kl N s“isan e, - perfect (proper) friendly equilibrium.

lims=s
k® ¥
Theorem 2.

a) All perfectly proper friendly equilibria are perfectly proper equilibria.



b) All perfectly proper friendly equilibria are proper friendly equilibria.

Proof By the definitions and Remarks 3 and 4.

The following examples show that the converses of the statements of Theorem 2 do not necessarily
hold.

Example Let player 2 be the friendly successor of player 1 in the following game:

a, 2 1 1
2 0 0
a, |2 0 2
2 1 1
a,|1 1 1
2 01 2
a,ll 1 1
2 1 3
a, 2 1 1
2 0 0

In this game (a,,b,) and, for all mi [04], (ma, +(1- ma,,b,) are all perfectly proper equilibria,
but only (a,,b,) is a PPFE, as may be seen by considering, for (a,,b, ), the sequences {e}..
and {s'},;, defined by
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e \_. 150(k +2)* +150(k +2)+151
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And for (ma, +(1- mia,b,) the sequences defined by
6 = =
“ k+2

@)= (lerz)’ sil@s)=sl,)= (k+2)[3ool(k+2)- 1]’
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Example. Let player 2 be the friendly successor of player 1 in the following 3-player game:

a’ a;
1 0
1 1 0
% 1 1
0 0
a; 0 0
1 1
a;
al a;
0 0
1 0 0
% 0 0
0 1
a; 0 1
0 0

3
In this game (a;_ ?_1 ) and (all,af,af) are both proper friendly equilibria, but (a;,aj,af) isnot a

PPFE because it is not perfectly proper (see Garcia-Jurado (1989)).

Theorem 3

Every finite non-cooperative game Gwith friends for which the Y/ (s) are upper semicontinuous
has at least one PPFE.

Proof.

n
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"i,let S5(g)={sT S:"s,TS ss,)2 g};eandlet S(g)=S(9) - S,(g). Slg) is compact,
convex and non-empty
Consider the correspondence F : S(g) ® P(S(g)) suchthat, " sT S(g)

F(s)={s1 S@)"1.iTN

it H,(s/s,)- H(s/s)<H,(s/s)- ngé'/é jgb sjgngEe.s(s W);

if Hf(iz)(s/si)- Hf(iz)(s/s 'i)<Hf(zi)(s/s - Hf(%géls jgb sjggnge.s,(s ");

nN"s 1Y/ (s)"s,1Y/(s)"s TV s)"s,T Y )
. : o) "0 A\
if Hfd)(s/si)- Hfd)(s/s )< Hf(,i)(s/sj)- Hf(,i)gs/s j;b sjgngEe.s(s ,)g

We shall show that F complies with the requirements of the Kakutani fixed point theorem. We first
notethat " si S(g), F(s) isconvex and compact. We now show that " si S(g), F(s)* £.

Let sT Sg). "iT N,s'1 S wedefine

Alsls 'i):ag“{s*jT S, /"s 1 YXNs)" s, 1 YNH,(s/s )- H,(s/s,)<H(sls,)- H,(s/s ,)H
and "k, k={2,...r}, " s'T Y*(s) we define
Ak)(s/s 'i):ag‘{s*»T YEs) s T YE(s)" ;T YX(9)
Hf(ki)(s/s - Hf(ki)(s/s*j)< H . (s/s;)- H,, (s/s ,)M

Consider s =(s,...,s,), defined by
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Moreover, si S(g)
ie"s 1S s(s)2g : for
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andb)if 1 Y/'(s), then 5(s,)2 g followsfrom

Y/ (s)‘ g.

1- é.S(Si)S

siY()(s)
We now show that 51 F(s).
“t, t1 {L...r}, consider any ;1 Y\"*(s),s7, 1 Y!"*(s) suchthat * s, T Y/(s),s,T Y!(s)
Hf(ik)(s/si)- Hf(ik)(s/§i)< H (s/s)- H (s/s)
Clearly, s 1 Y!(s) and Af(t_)(s/s*j)3 1+ Af(ti)(s/S‘i).
Now either @) 1 Y/!(s) or b) s51 Y/!(s).

a) If 1 Y!(s) thens T Y/'(s), whence

(a.- 1)+atAf(;) (s/s7) atAf(p) (s/s )*at+1Af(;31(5/§i )+-+a, Af(() (s/s7)
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b) If § T Y!(s), then either
i) $pi {t+1...r} suchthat 1 Y,°(s), in which case an argument analogous that developed in a)
leads to the conclusion (s )£ e5(s7);

orii) T Y/(s), inwhich case A (s/s;)=---=A(s/s)=0,whence 5,(s ;) £es(s)).



Hence s,(s ;)£ es(s;), whence sT F(s) and F(s) is non-empty.
Since F is also upper semicontinuous (because, by hypothesis, the Yi"(s) are), the conditions of the

Kakutani fixed point theorem are satisfied and F has a fixed point, which is therefore an e -PPFE.

Hence, given {e },., such lime, =0, there is a sequence of e -PPFE {s}a v and since S'is

compact, this sequence has alimit point, which is therefore a PPFE.
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